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statistical package to draw inferences about
their case problems with reliability and data
analysis.

Why Change?  The change in the curric-
ulum was primarily driven by new opportuni-
ties for the students to perform calculations
and computations. Computing and experi-
menting encourage more enthusiastic prob-
lem solving by students and improve their
attitude about the usefulness of mathemat-
ics. The introduction of Discrete Dynamical
Systems  as the first course in collegiate
mathematics (instead of calculus) is the
most significant curriculum change.

Results: Does the new approach work?
We think so, but ask us again in a year or
two. ❑

(Editor’s Note: True outlines a labora-
tory experiment that will be a big hit with
skiers. He also has a shorter version of
the experiment; write him for details.)

Modeling the Forces:  When a ski
jumper leaves the ramp of a ski jump and
becomes airborne, the dominant forces that
determine the success of the jump are the
force due to gravity and the air resistance,
which can be resolved into a lift force and a
drag force. The lift and drag forces can be
altered by the jumper’s posture over the skis
and by the position of the skis relative to the
ground. This combination of lift and drag
can make the difference between a “good”
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jump and a short or even dangerous jump.
In Figure 1 a coordinate system is placed

with the origin at the lip of the ramp where
the jumper becomes airborne. To examine

the forces, let  denote
the position vector of the jumper at time

 (seconds). The velocity vector is then

 and points in the
direction of motion at time  with speed

. We will assume that
the jumper’s path lies in the xy-plane and
that local winds are negligible. Let’s look at
the forces.

a) The force due to gravity : ,

where  ft./sec2, and  is the mass
of the jumper including skis and boots.

b) The lift  force, which we take to be
perpendicular to the flight path of the jumper
and with magnitude proportional to the
jumper’s speed, so that

where  is the lift coefficient.

c) The drag  force, which opposes the
direction of motion. We will assume that this
force is proportional to the velocity ,

where  is the drag coefficient.

Figure 1
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δ



6

C ODE ESPRING 1993

tial velocity of  . (thus the
initial speed is 78 feet per second, or about
53 m.p.h.).

Write the four initial conditions for your
system.

C. Using these initial conditions, deter-
mine the constants of integration for your
equations in part A.

Exercise 2: Flight Path.
The ski jumper’s objective is to maximize

the total distance travelled from the top of
the takeoff ramp to setting down on the
landing field. In this exercise you will use
your equations (3) to draw some flight tra-
jectories for different values of the drag and
lift parameters  and , as well as for differ-
ent initial speeds. Although  and  actually
change in value throughout the flight as the
jumper adjusts the ski position, we will take
them to be constant.

On this particular jumping hill, a marker
is set at  feet and  feet. If
the jumper comes near this point, he will be
close to a jumping distance of about 265
feet, measured from the takeoff ramp down
the hill.

At the computer, enter the system of two
first order equations (3). For different values
of  and , you will draw flight trajectories in
the xy-phase plane.
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The Model ODEs: Using Newton’s sec-

ond law of motion, , the compo-
nents of the acceleration in the  and
directions are:

If we divide by  and set /  and
/ , we get

In this lab the students will draw some
flight trajectories for the ski jumper on the
computer for different values of  and  in
the system (2). This will give them a collec-
tion of possible flight trajectories for different
combinations of lift and drag, which can be
controlled by the jumper and his or her
equipment. Before we draw any flight trajec-
tories, we will first rewrite the differential
equations (2) in a more convenient form.

Exercise 1: The Initial Value Problem.
A. Notice that the two second order dif-

ferential equations in (2) contain no terms
involving  or . Integrate both sides
of (2) with respect to  to obtain two first
order differential equations.

B. You should now have two constants
of integration in your equations which can
be determined from the initial conditions.
Since system (2) involves two second order
equations, there are four ingredients in the
initial conditions. Assume that the ski
jumper leaves the lip of the ramp with an ini-

F ma=
x y

mx'' t( ) δx' t( )− λy' t( )−=
my'' t( ) λx' t( ) δy' t( )− mg−= (1)

m a δ= m

b λ= m

x'' t( ) ax' t( )− by' t( )−=
y'' t( ) bx' t( ) ay' t( )− 32.2−=

(2)

a b

x t( ) y t( )
t

x' t( ) =
y' t( ) =



7

C ODE ESPRING 1993

sectional area, and ski position, so their val-
ues lie within a fairly small interval. To illus-
trate what can happen with “unrealistic”
values, set the initial speed back to 78 ft./
second and try  and . An
increase in  means the jumper has more
lift. Draw the jumper’s flight trajectory with
these values to see how ski jumping can
lead to loops and ski flying. Set the window
with  and  with

.

(Editor’s note: when I got to this point in
True’s manuscript I had to try the experi-
ment myself! Sure enough, lots of lift and
no drag take the skier into loops (the
dashed curve in the figure below). The
other two flight paths correspond to the
values of a, b, and initial speed given at
the start of 2A and 2C, respectively. The
time interval is set to . )

E. Experiment with your equations to
see what other flight trajectories can be
obtained. Try values for  and .
See if you can come up with a good lift to
drag ratio, / .

F. By going back to your system of two
first order differential equations, you can
compute  and  for the results
when ,  and when

, . From these values

a 0.0= b 0.9=
b
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A. Set the phase plane window to
 and . Try

 and  in your equations
and draw the flight trajectory over the time
interval . Save the trajectory and
draw another  with  and .
Does this look like a better jump than the
first? Again, save the trajectories and draw
another with  and  and
compare with previous jumps. Although the
trajectories look similar, even slight changes
in  and  can improve the jump distance
by a few feet.

B. To determine the lengths of the jumps
you have just drawn, you will need to look at
the  coordinates when  is around 3 sec-
onds. The ski jumper would like to get close
to the point ,  on the land-
ing field. For comparison, look for a y-coor-
dinate of . If  then the
jumper fell short of the desired mark. Look-
ing at these coordinates for each of the
three choices for  and  in part A, deter-
mine the combination of  and  that will
produce the best jump. The point in all this
is that once an appropriate combination of
and  have been determined from this simu-
lation, the jumper can then determine the
body profile and angle of attack for the skis
to produce the longest jump.

C. To determine the effect of the jump-
er’s takeoff speed, change your equations
so that the jumper’s initial speed is
increased from 78 ft./second to 85 ft./sec-
ond. Compare the jumper’s distance to the
results above. Notice that an increase in
takeoff speed means a better jump! Heavier
jumpers usually get better takeoff speeds,
but less lift, so somewhere there is a jumper
with optimum weight.

D. “Hot Dogging!” The drag and lift
parameters  and  are determined from
the jumper’s weight, profile, clothing, cross-
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you can find the jumper’s speed at landing.
How do these speeds compare with the
takeoff speed?

Exercise 3: A Better Model.

A more accurate model for ski jumping is
one in which the drag and lift forces have
magnitude proportional to the square of the
jumper’s speed. With that assumption, the
second order differential equations might be
a nonlinear system of the form

The values for  and  will be different
for this system (the linear system (2) essen-
tially replaced the variable speed with an
average speed of the jumper for the dura-
tion of the jump). Moreover, it is no longer
possible to simply integrate each of these
equations with respect to  to obtain two first
order differential equations. This system
could be transformed, however, into a sys-
tem of four first order differential equations.
If your software will handle a system of four
first order differential equations, experiment
with this system to see what appropriate val-
ues would be chosen for  and  to obtain
reasonable flight trajectories for the ski
jumper.
_____________________
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(Editor’s Note: Dunbar’s heat experi-
ment is based on the material of Section
3.3 of Fundamentals of Differential
Equations, R.K. Nagle and E.B. Saff
(Addison-Wesley, 1992, 3rd Ed.). Though
Dunbar’s students use Mathematica, the
experiment adapts easily to other soft-
ware.)

Our goal is to formulate and analyze a
mathematical model that describes the 24-
hour temperature variation inside a building.
The interior variation will result from the out-
side temperature variation and the heat
generated by the people and machines
inside the building. We ignore the heating
and cooling of the interior with furnaces or
air-conditioning, so the situation modeled
would best apply in spring or fall.

We know from Newton’s Law of Cooling
that if:

a) temperature inside the build-
ing as a function of the time ,

b) outside air temperature as
a function of time,

c) internal temperature gain
due to people, machinery, lights, etc., then

The factor  depends on the physical prop-
erties of the building, such as the number of
doors and windows, and the type of insula-
tion, but does not depend on  or .
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